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Abstract 

N = 2 extension of affine algebra si (2) © u(l) possesses a hidden global N = A supersymmetry 
and provides a second hamiltonian structure for a new N = A supersymmetric integrable 
hierarchy defined on iV = 2 affine super currents. This system is an N = 4 extension of at once 
two hierarchies, N = 2 NLS and N = 2 mKdV ones. It is related to N = 4 KdV hierarchy via 
a generalized Sugawara-Feigin-Fuks construction which relates N = 2 sl(2) © u(l) algebra to 
"small" N = 4 SCA. We also find the underlying affine hierarchy for another integrable system 
with the N = 4 SCA second hamiltonian structure, "quasi" N = 4 KdV hierarchy. It respects 
only N = 2 supersymmetry. For both new hierarchies we construct scalar Lax formulations. 
We speculate that any N = 2 affine algebra admitting a quaternionic structure possesses N = 4 
supersymmetry and so can be used to produce N = 4 supersymmetric hierarchies. This suggests 
a way of classifying all such hierarchies. 
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1. Introduction. The integrable hierarchies of differential equations in f + f dimensions have 
been widely studied in the last several years both in the physical and in the mathematical 
contexts. There is an ever-growing evidence that their relevance should not be confined to 
the realm of pure mathematics, but rather their beautiful mathematical structures show them- 
selves naturally when investigating physical problems. At first they appeared in connection 
with the discretized versions, via the matrix-models approach, of 2-dimensional gravity (see 
|I[ and references therein). Recently they sprang up rather unexpectedly in the domain of 
4-dimensional field theories as an underlying structure of the N = 2 super Yang-Mills theories 
in the Seiberg-Witten approach M. The remarkable relation of the KdV-type hierarchies, via 
their second hamiltonian structure, to the conformal algebras (Virasoro algebra and its exten- 
sions) establishes a link between such hierarchies and the string theories which has still to be 
fully appreciated. 

One is naturally led to investigate supersymmetric extensions of the above bosonic hierar- 
chies. Besides N = 1 supersymmetric systems which were studied in a lot of papers starting 
from refs. ||, it is very interesting to consider the larger N cases. One of the main sources 
of interest in extended supersymmetric hierarchies with N > 1 is that they could lead to a 
sort of "unification or grand-unification" of known hierarchies. It could happen that seemingly 
unrelated bosonic or lower supersymmetric (N = 1, 2) hierarchies are different manifestations 
of a single "unifying" larger N supersymmetric hierarchy. 

During the last years, N = 2 supersymmetric hierarchies were a subject of many exhaustive 
studies. Much less was known about systems with higher N. In a series of papers [4-7] the 
first example of hierarchy with N = 4 supersymmetry, N = 4 super KdV system, was discov- 
ered and studied. It is related, through its second hamiltonian structure, to "small" N = 4 
superconformal algebra, is bi-hamiltonian and admits a Lax-pair formulation. It encompasses 
two different N = 2 KdV hierarchies, the a = 4 and a = —2 ones, which follow from it via 
appropriate reductions. Recently, one more integrable hierarchy with "small" N = 4 SCA as 
the second hamiltonian structure has been found ||. As distinct from the "genuine" N = 4 
KdV system, N = 4 global supersymmetry is broken to N = 2 in this new "quasi" N = 4 KdV 
hierarchy. It yields, by proper reductions, some previously unknown KdV type systems with 
lower supersymmetry. 

In this paper we extend the class of iV = 4 supersymmetric hierarchies by suggesting a 
general Lie-algebraic framework for them. 

Our consideration relies upon the well-known property that generalized KdV and KdV type 
hierarchies associated with (super) conformal algebras and W algebras as the hamiltonian struc- 
ture can be induced, via a Miura - type transformation, from the hierarchies associated in a 
similar way with appropriate (super) affine algebras. Thus the latter hierarchies underly the 
former ones, and are in a sense more fundamental. In the algebraic language, such a correspon- 
dence amounts to the existence of the Sugawara-Feigin-Fuks (SFF) type (or coset) construction 
of the former (super) algebras in terms of the latter ones. For N = 2 hierarchies a few examples 
of this sort were explicitly elaborated. These are, e.g., the relationships between N = 2 KdV 
and N = 2 Boussinesq hierarchies, on one hand, and their affine counterparts, on the other 
|| ||. The relevant Miura transformations relate the corresponding second hamiltonian struc- 
tures, N = 2 SCA and N = 2 W3, to N = 2 extensions of the affine algebra u(l) © u(l) and of 
two copies of the latter, respectively. 

Our proposal is to construct N = 4 supersymmetric hierarchies in terms of N = 2 extended 



1 



affine algebras possessing a hidden N = 4 structure. This class embraces the algebras admitting 
a quaternionic structure. Their local bosonic parts were listed in while analyzing the 
question as to which group-manifold WZNW sigma models admit N = 4 supersymmetric 
extension. The simplest non-trivial N = 2 affine algebra of this kind is N = 2 sl(2) ©w(l), 
and this is the case we treat in detail in the present paper. 

We start with the formulation of iV = 2 sl(2) © u(l) in terms of two pairs of spin 1/2 
N = 2 supercurrents subjected to the chirality-type constraints. We show that both the 
structure relations of the algebra and constraints are closed under some hidden nonlinear N = 2 
supersymmetry transformations. Together with the manifest N = 2 supersymmetry, they 
constitute N = 4 supersymmetry. The affine supercurrents form an irreducible multiplet of 
this N = 4 SUSY. Then we demonstrate the existence of an infinite set of N = 4 invariant 
quantities in involution constructed out of the affine supercurrents. This new hierarchy with 
N = 2 si (2) © u(l) as the second hamiltonian structure can be assigned the name N = 4 super 



NLS-mKdV hierarchy because it leads to N = 2 NLS hierarchy of ref. [11, [12| and to N = 2 
mKdV hierarchy as its two non-equivalent reductions. Further, we set up, via a generalized 
SFF consruction, three spin 1 iV = 2 supercurrents of the "small" N = 4 SCA. We demonstrate 
that in terms of the N = 4 SCA supercurrents the N = 4 NLS-mKdV conserved quantities 
coincide with those of N = 4 KdV hierarchy. Thus N = 4 NLS-mKdV and KdV hierarchies 
are related to each other in the way resembling the relation between ordinary mKdV and KdV 
ones. An essential difference is, however, that the affine algebra relevant to our case is the 
non-abelian N = 2 sl(2) © u(l) algebra. The "quasi" N = 4 KdV hierarchy of ref. || is also 
contained in the enveloping algebra of N = 2 si (2) ©-u(l). It corresponds to another choice 
of the evolution equations for the affine supercurents, with the hamiltonians breaking global 
N = 4 supersymmetry down to N = 2. 

2. Hidden N = 4 supersymmetry of iV = 2 si (2) ® u(l) algebra. The N = 2 affine 
si (2) © u(l) algebra is constituted by the two pairs of N = 2 spin 1/2 fermionic superfields 
F(Z), F(Z) and H(Z), H(Z), Z = (x,9,9) being coordinates of N = 2 superspace. These 



supercurrents satisfy the following classical Poisson Bracket (PB) relations [13] 



{H(1),H(2)} = DD6(1,2) _ _ (1) 

{#(1),F(2)} = DF8(1,2), {H{1),F(2)} = -DF6(1,2), 

{H{1),F(2)} = -DF5(1,2), {H{1), F{2)} = DFS(1, 2) , (2) 

{F(1),F(2)} = [(D + H)(D + H) + FF] 5(1,2) , (3) 

all other PBs vanishing. In these relations, 1,2 = Z 12 , D, D are N = 2 spinor derivatives 

D = 4t - \~8dx , D=£=- -9d x , D 2 = D 2 = , {D, D} = -d x , (4) 
89 2 89 2 x ' v ; 

8(1, 2) is the N = 2 superspace delta-function 

5(1,2) = 5( Xl - x 2 )(9 1 - 9 2 )(h - 9 2 ) , 

and the differential operators in the r.h.s. are evaluated at the point Z\. The derivatives in the 
r.h.s. of these relations are assumed to act freely to the right. 
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The PB set (P - (|j) is closed, i.e. the Jacobi identities are valid, only provided the involved 
supercurrents are subjected to the constraints |T3 



DH = 0, DH = 0, (5) 
(D + H)F = 0, (D-H)f = Q. (6) 



Thus H and H are ordinary chiral and anti-chiral superfields while F and F are "covariantly" 
chiral and anti-chiral ones. It is easy to check that constraints (|g) - @ are consistent with 
the above PB relations, in the sense that the PBs between them and with all supercurrents 
are vanishing on the shell of constraints. Note that the non-linear term in the r.h.s. of (||) is 
"fake" : at the component (and even at the N — 1 superfield) level there is no non-linearity in 
the algebra. Its presence in (|3]) is the price for manifest N = 2 supersymmetry. 

As is seen from ([!]), the superfields H and H generate the Cartan N = 2 w(l) © it(l) 
subalgebra of the N = 2 sl(2) © u(l). The relations (Q) tell us about the properties of F and 
F with respect to two independent u(l) charges inherent in N = 2 sl(2) © u(l). It is assumed 
that H and H have the same transformation properties under the global U(l) automorphism 
group of N = 2, ID superalgebra as the derivatives D and D. 

We note that for classical affine algebras the central charge corresponding to the Kac-Moody 
level can be rescaled at will (using the freedom to rescale the fields as well as the Poisson 
brackets). Our convention is dictated by further convenience. 

The algebra N = 2 si (2) © u(l) is a particular representative of a wide class of N = 2 affine 
algebras. Actually, N = 2 superextension can be defined for any affine algebra (and super- 
algebra) admitting a complex structure |T5| , ||14|| . N = 2 supercovariance of these extensions 



is manifest when they are formulated in terms of (covariantly) chiral and anti-chiral N = 2 
superfields. Nevertheless, it could be equally revealed in the N = 1 superfield formulation. 
In such a formulation, N = 2 supercurrents are represented by pairs of real spin 1/2 N = 1 
superfields, and rigid N = 2 supersymmetry is realized as some transformations mixing N = 1 
superfields inside each pair. Then the statement that the given N = 1 extended affine algebra 
is actually N = 2 extended amounts to the covariance of the defining N — 1 superfield PBs 
under these transformations. 

It is natural to ask whether the variety of N = 2 affine (super) algebras contains as a subclass 
the algebras which reveal covariance under some extra supersymmetries. As should be clear 
from the reasoning just given, one way to answer this question is to explicitly construct the 
transformations of these additional supersymmetries on the affine N = 2 supercurrents and to 
check covariance of the relevant PBs and chirality constraints with respect to them. 

Let us show that the algebra N = 2 sl{2) © u(l) possesses a hidden N = 2 supersymmetry 
which, together with the manifest N = 2 supersymmetry, form N = 4 supersymmetry. 

This extra supersymmetry is realized by the following non-linear transformations 



5H = eDF + eHF, SH = eDF - eHF 

SF = -eDH - e(HH + FF) , 5F = —eDH - e(HH + FF) , (7) 

e, e being the corresponding infinitesimal parameters. It can be easily checked that the above 
transformations indeed realize an iV = 2 supersymmetry, i.e. that their commutators close to 
give, for any superfield ^ = {H, H, F, F} 

[5 1} 6 2 }^ = (e l£2 -e 2ei )^ . (8) 
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The hidden and manifest N = 2 supersymmetry transformations commute with each other and 
so form an N = 4 supersymmetry. The two pairs of affine N = 2 supercurrents F, F and H, H 
are unified into an irreducible N = 4 supermultiplet. 

A remarkable property of the above transformations is that they preserve the (nonlinear) 
chirality and antichirality constraints (|5|), (^). 

Moreover, it is a matter of tedious though straightforward computation to check that the 
defining relations of the N = 2 si (2) © w(l) algebra, eqs. ([[]) - (|3]) (together with the vanishing 
PBs), are closed under the transformations fl7|). One varies both sides of these relations and 
finds the variations being the same. 

Thus the algebra N = 2 sl(2) © u(l) reveals a hidden N = 4 supersymmetry and hence it is 
in fact a minimal N = 4 extension of sl(2) © u(l). We expect that this N = 4 covariance can 
be made manifest by combining the affine N = 2 supercurrents into a single N = 4 superfield, 
e.g., in the framework of N = 4 harmonic superspace ||. 

It is reasonable to assume that there exists the whole class of affine algebras and superalge- 
bras allowing for an N = 4 extension along simialr lines. A plausible conjecture is that these 
algebras are those which admit a quaternionic structure. The full list of such algebras and cor- 
responding groups was given in [H|. Though we are not still aware of the general proof of this 



conjecture, we have checked it on more examples. One of them is the N = 2 affine s/(3) algebra. 
Its basic relations also reveal covariance under the appropriate N = 4 transformations, we are 
going to consider this case in detail in a forthcoming publication. Another, simplest example 
is an N = 2 extension of the affine algebra ©f =1 ti(l)j. It is constituted by the two conjugated 
mutually commuting pairs of chiral and anti-chiral N = 2 superfields H a , H a , (a = 1,2), 

{H a ,Hf,} = 0, {H a ,H p } = S aP DDS{l,2), (9) 
DH a = VH a = . 

It is straightforward to check the covariance of (|9|) under the linearized version of fl7|) 

5H l = eDH 2 , 5H = e~DH 2 , 5H 2 = —eDH 1 , 5H 2 = -tDE x . (10) 

These transformations has the same Lie bracket structure as (|7|). Later on we will argue that 
this simplest N = 2 affine algebra with N = 4 structure bears no direct relation to iV = 4 KdV 
hierarchy of refs. [4-6], in contrast to iV = 2 sl(2) x u(l) which does. 

3. N = 4 invariant hamiltonians and flows. In the previous section we have shown that 
the algebra N = 2 sl(2) © u(l) carries an iV = 4 structure and is in fact an iV = 4 extension 
of si (2) © w(l). We may wonder whether it generates, as a second hamiltonian structure, some 
N = 4 supersymmetric hierarchy of evolution equations for F, F, H, H, or, in other words, 
whether its enveloping algebra contains an infinite set of N = 4 supersymmetric hamiltonians 
in involution. The answer is positive, and now we explicitly furnish first three such N = 4 
invariant hamiltonians. The proof that we indeed face an integrable hierarchy will be given 
later by presenting the scalar Lax operator for it. 

The hamiltonian densities Hi given below are invariant under (0) up to total derivatives 
and correspond to integral spin dimension i = 1, 2, 3, respectively. In addition, we require them 
to be globally chargeless (Q(Hi) = 0) with respect to a charge operator Q such that Q(H) = 
Q(H) = 0, Q(F) = 1, Q(F) = —1. The reason why we impose this condition is the desire to 
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reproduce the conserved quantities of N = 2 NLS hierarchy in the limit H — H — 0; requiring 
this invariance amounts to the property that the reduced hamiltonians "live" on the quotient of 
N = 2 sl(2) © over its Cartan subalgebra © u(l), which is the cahracteristic feature 



of N = 2 NLS hierarchy [12|]. For sure, this choice does not yield the most general set of N = 4 
invariant hamiltonians one can construct (and does not even correspond to the most general 
hierarchy, see however the remarks in section 4), but it is the only choice which allows us to 
recover N = 2 NLS hierarchy. 

It is of interest to point out that 7i 2 is uniquely defined by the requirements of QCH2) = 
and N = 4 invariance, i.e. it is of no need to resort to the involutivity reasonings to specify its 
coefficients. We have 

U x = FF + HH 

H 2 = F'T - H'H - (DH + DH) (HH + FF) - 2HHFF 

H 3 = F"F + H"H - 3DHFF' - QDHF'T' + 3DHH'H + QDHFF' - HDFF' 



5H'DFF + -H'DHH - AHF'DF - H FDF - DFFDFF 
2 



+ 9DHDHFF + DHDHHH - SDH HDFF + 3DHHDHH 



+ 9DHDHFF + SDH H FDF + HDHDHH + 2HHDFDF (11) 

(hereafter, the spatial derivative is denoted with a prime). 
The corresponding first and second flows are given by 



Ml - * (12 > 



for any ^ = {H, H, F, F}, and 



dF 
dh 

dH 

dh 



—F" + 2DHF' + 2DH'F + 2DHF' + 2DFFDF - 2FF'F 

+ 2HDTTDF + 2HHF' + 2HH'F - 2DHHHF + AHDFFF , 

H" + 2DHH' + 2HDH' + 2H'DH + 2DHFDF - 2HDFDF 

+ 2HF'F + 2H'FF - 2HDHFF - 2HHFDF . (13) 



We do not present the third flow equations in view of their complexity. 

4. Generalized Sugawara construction and relation to iV = 4 KdV. To clarify the 
meaning of the above involutive sequence of iV = 4 supersymmetric hamiltonians, let us apply 
to the Sugawara type construction on the algebra N = 2, sl(2) ©u(l). We will show that it 
naturally leads to the classical version of "small" N = 4 SCA with the arbitrary central charge 
(proportional to that of the affine algebra). In terms of composite N = 4 SCA supercurrents 
the hierarchy presented in the previous secton is recognized as iV = 4 KdV hierarchy. 

We start with the standard classical N = 2 SFF stress-tensor (with a fixed central charge, 
see remark in Sect. 2) 

J = HH + FF + DH + DH . (14) 
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As a consequence of the N = 2 affine PBs (g) - @ it satisfies the PB of N = 2 SCA 

{J(l), J(2)} = (j9 + 9J + DJ^ + ^JD + a[D,S])<J(l,2) , (15) 

where as before the differential operator in the r.h.s. is evaluated at Z\ and all derivatives act 
freely. Considering the transformation properties of J under the transformations (^), we find 
that it forms an irreducible linear N = 4 supermultiplet together with the spin 1 chiral and 
anti-chiral supercurrents 

$ = DF , $ = DF , L>$ = 7J$ = . (16) 

= -e7J$ - eX>$ , 5$ = eDJ , 5$ = eDJ . (17) 

It is straightforward to check that the original PBs (ffl) - (|3]) imply the following non-vanishing 
PBs for $, $ 

{J(l),$(2)} = -($7J/J+7J$/j)5(l,2),{J(l),$(2)} = -($/J7J+/J$7J)5(l,2), 
{$(1),$(2)} = (ODD + DJD) 5(1,2) . (18) 

Together with ([15]) they form a closed set of PBs which defines a classical version of "small" N = 
4 SCA [5,8] (it is closed with respect to both Jacobi identities and rigid N = 4 transformations 

As was remarked previously, in the present case it is not essential which specific value is 
ascribed to the central charge, since for classical algebras it can be rescaled to any value through 
a rescaling of the fields and PBs. However, it is worth mentioning that the central charge of 
the above N = 4 SCA is strictly related to that of the underlying N = 2 si (2) © u(l) algebra. 
In particular, with our convention on the central charge in the structure relations of iV = 2 
sl(2) © «(1) the coefficient before the Feigin-Fuks term in ([L4]) should be strictly 1 in order the 
PBs of iV = 4 SCA were closed. We also note that now the rigid supersymmetry (0) can be 
recovered as a part of local supersymmetry generated by $, $ on the affine N = 2 supercurrents 
through the PBs © - @. 

The N = 4 SFF realization (|I~4T), (ffB) is the key which allows us to establish a connection 
between our N = 4 NLS-mKdV hierarchy and the N = 4 KdV. It is a simple exercise to check 
that the first three hamiltonian densities in ([H]), up to full derivatives, are expressed in terms 
of the above composite N = 4 supercurrents 

Hi = J , H 2 = -A (J 2 - 2$$) , H 3 = A (j[D,D]J + 2<$>§' + fj 3 - 4 J$$) . (19) 

They coincide (up to rescalings of supercurrents and conventions on the algebra of iV = 2 
spinor derivatives) with the explicit expressions for the first three hamiltonians of iV = 4 KdV 
hierarchy given in ||. 

For completeness let us write here the corresponding flows of the N = 4 KdV hierarchy. 
Besides the first flow (f2 — Q',Q= {J, $, $}) we have 

— d — 

J' + 2 J J' - 2($$)' , — $ = $" - 2DD(M) . (20) 

(#2 

1 The precise correspondence with, e.g., ref. |8) is achieved by rescalings J — ► —2 J, d — > —9, { , } — » ^{ , }. 
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Our hamiltonians correspond to a particular choice (a = 4, b = in ||), for the N = 4 
integrable hierarchy involving </,$,$. It has been proven in [Q that there exist at most two 
iV = 4 integrable hierarchies characterized by different choices of the coefficients. However the 
two hierarchies so characterized are related to each other through a global transformation of 
the N = 4 supersymmetry automorphism group SU(2). This means that they actually define 
the same N = 4 hierarchy. This point has been fully analyzed in ||, both with the use of 
harmonic superspace and in the N = 2 formalism. We limit ourselves to pointing out that in 
the language of N = 2 affine superfields the second choice of the coefficients would correspond 
to hamiltonians which do not obey the U(l) chargeless condition Q(T~L) = 0. As follows from 
the consideration in ref. ||, they still should respect some hidden U(l) invariance. Their 
precise relation to the above hamiltonians with manifest U(l) invariance can be revealed by 
finding out how the automorphism group SU(2) is realized on E, E, F, F and then performing 
an appropriate £77(2) rotation of these hamiltonians. 

It should be also stressed that we cannot exclude the possibility that other N = 4 hierarchies, 
involving the superfields E, E, F, F but not expressible only through J, $, $, could indeed exist. 
We leave the complete analysis of this problem for the future work. 

We end this section with two comments. 

The first one regards a hidden N = 4 structure of the N = 2 si (2) © u(l) algebra. It turns 
out that the latter gives rise, besides the "small" N = 4 SCA, to a wider N = 4 SCA, namely 
to the "large" N = 4 SCA in a specific realization. Indeed, one can define one more N = 4 
supermultiplet of composite supercurrents 

J = EE + FF , $ = EF , t = FE, (21) 
8 J = - eD$ , 5$ = -eDJ , 5$ = -WJ , 

which satisfy the PBs (|i~8|) , but with vanishing central terms. In other words, they generate a 
kind of topological "small" N = 4 SCA. Together with J, $, $ these additional supercurrents 
close on "large" N = 4 SCA in a particular realization with 3 elementary bosonic sl{2) spin 1 
affine currents and three composite ones constructed out of the elementary fermionic spin 1/2 
currents. The presence of this hidden "large" N = 4 SCA in iV = 2 affine sl(2) © u(l) algebra 
has been earlier noticed, at the full quantum level, in Jl5|]. This feature can be considered as an 
indication that the presented N = 4 NLS-mKdV hierarchy bears a relation to a more general 
super KdV hierachy (still to be constructed) associated with the whole "large" N = 4 SCA. 

The second comment is related to iV = 2 extension of the abelian affine algebra ©^ =1 u(l) i , 
eqs. (0). As was noticed in Sect. 2, it also reveals a covariance under the rigid N = 4 super- 
symmetry, this time realized by linear transformations (|T0|) (combined with those of manifest 
N = 2 supersymmetry). One may wonder whether it also gives rise to iV = 4 SCAs via some 
kind of Sugawara construction and has any relation to iV = 4 KdV hierarchy. It is easy to check 
that one cannot construct, out of the superfields E a ,Ep, any N = 4 multiplet of composite 
currents which would include N = 2 conformal stress-tensor with a Feigin-Fuks term (the latter 
is absolutely necessary for producing a central term in iV = 2 SCA and thus generating at least 
an iV = 2 KdV hierarchy). The only possibility is the N = 4 multiplet 

J = E 1 E 1 + E 2 E 2 , $ = E X E 2 , t = E 2 E 1 , (22) 
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which, via PBs @, generates a topological "small" N = 4 SCA. So, possible N = 2 hierarchies 
(even posessing rigid N = 4 supersymmetry) constructed on the basis of N = 2 Q)f =1 u(l) i 
algebra seem to have no any direct relation to iV = 4 KdV hierarchy. We have also explicitly 
checked that there exists no iV = 4 covariant system of evolution equations for H a , Hp which 
would reduce to N = 2 NLS system of refs. O, O after putting one pair of these superfields 



equal to zero. Thus the minimal way to define an mKdV type hierarchy for N = 4 KdV system 
(yielding also N = 2 NLS hierarchy as a consistent reduction) is based on the use of non-abelian 
affine superalgebra N = 2 sl(2) ©-u(l). The nonlinearity of rigid N = 4 transformations (|7]) 
is crucial for constructing the N = 4 multiplet of supercurrents (0), (0) with a non-trivial 
N = 2 SFF stress-tensor. 

5. Lax operator. Due to the Sugawara-Feigin-Fuks construction which maps the affine 
superfields H, H, F, F onto the superfields generating the N = 4 SCA there is no further need 
to prove the integrability of the N = 4 NLS-mKdV hierarchy. We are indeed guaranteed by the 
integrability property of the N = 4 KdV hierarchy that the corresponding affine hierarchy is 
integrable. The higher order hamiltonians in involution are in fact expressed through J, W, W 
and therefore, via SFF, through H, H, F, F. 

It is, however, important to realize that the Lax operator for the N = 4 KdV @ indeed 
furnishes the correct evolution equations for the affine superfields, once the basic superfields are 
re-expressed by the SFF construction. This statement has to be verified independently because, 
to our knowledge, no general realtionship was as yet established between the N = 2 affine PB 
structure and the Lax operators we are considering. So we made this checking explicitly. 

The N = 4 NLS-mKdV scalar Lax operator constructed according to the above prescription 
reads 

L = DD + DDd^ 1 (j + $<9 _1 <I>) d~ l DD , (23) 



where J and $, $ are expressed by eqs. ([14]) , (jig) . The flows are given by 

w t L = ~ lLk >-- L] (24) 

where the suffix > 1 means taking the strictly differential part of the operator. 

6. N = 2 reductions and bosonic cores. In this section we discuss different N = 2 
supersymmetric integrable reductions of the N = 4 NLS-mKdV hierarchy. 

i) Let us firstly set F = F = 0. This is a consistent reduction for all flows as all the time 
derivatives of F are zero in this limit. The hierarchy thus produced is expressed in terms of 
the chiral and antichiral superfields H, H generating the u(l) ®u(l) subalgebra as the relevant 
second hamiltonian structure. It is the N = 2 mKdV hierarchy associated with the a = 4, 
N = 2 KdV system. Indeed, upon this reduction, $ = $ = 0, J = (HH + DH + DH), and 
the closed set of the evolution equations for J corresponds just to the a = 4, iV = 2 KdV. This 
reduction can be performed directly in the Lax representation (|23|), (p4|). 

ii) Let us set H = H = 0. Then 



J = FF, $ = DF, $ = DF , DF = DF = . (25) 

This is also a consistent reduction because both the left- and right-hand sides of the evolution 
equations for H = H = vanish upon effecting it. It cannot be directly performed at the 



algebraic level, we have to implement the Dirac's bracket formalism to deduce the relevant 
second hamiltonian structure algebra f\. Nevertheless, it goes straightforwardly at the level of 



the equations and conserved hamiltonians and yields the N = 2 NLS hierarchy of refs. |TT|, |12 
It is a simple exercise to check that the conserved quantities Hi - if 4 of N = 4 NLS-mKdV 
(or N = 4 KdV) hierarchy go over to the corresponding quantities of iV = 2 NLS one (with 
H = H = 0) upon substituting the expressions ( ^5f) for J and $, The fact that the reduction 
( |25| ) takes the Lax operator for N = A KdV hierarchy into that for N = 2 NLS has been earlier 
noticed in ||. 

Hi) There exists one more, rather unexpected reduction. It goes by imposing a sort of "mixed" 
constraint, H = and F = (or equivalently H = and F — 0). The constraint F = is 
allowed due to the global charge conservation, but it turns out that also H = is admitted 
by the equations. As in the previous case, these two constraints can be straightforwardly 
imposed at the level of the evolution equations while requiring a more subtle treating at the 
level of PBs. For completeness we give here the flows corresponding to this "mixed" reduced 
N = 2 hierarchy. It would be interesting to analyze its possible relation to other known N = 2 
hierarchies. Besides the trivial first flow we have 

^i = H" + 2DHH' , ^ = F" + 2DHF' , (26) 
ot 2 ot 2 



and 



a tt 

— = -H'" -3H"DH -3H'DHDH -3DH'H' 

OF 
df 3 



-F - 3F"DH - 3F'DHDH - 3F'DH' . (27) 



Thus in both cases we get two non-linear equations, one involving the superfield H alone and 
the other describing an evolution of an anti-chiral superfield F in the background of H. 

Finally, let us present the bosonic limit of the second flow equations of our N = 4 mKdV- 
NLS hierarchy. We define the bosonic components of the superfields H, H, F, F as follows 

DF\ = <j),DF\=~$,DH\ = h,DH\ = h. (28) 

With such a definition the bosonic core of our system ([13]) reads 

dt 2 

dh 



-- -0" + 2h6' + 2h!6 + 2h6' + 2666 + 2hh6, 
ot 2 



-- h" + 2hh' + 2hh +2h'h. (29) 
ot 2 



7. One more N = 2 hierarchy with the sl{2) © n(l) structure. In || it has been 
proven that "small" iV = 4 SCA provides the PB structure for one more hierarchy of integrable 
equations whose hamiltonians respect only N = 2 supersymmetry. It is an extension of the 
a = —2, N = 2 KdV hierarchy and is related via a non-polynomial Miura transformation to 

2 This non-local structure is explicitly quoted in pa. 
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the a = —2, N = 2 super Boussinesq hierarchy (and hence to N = 2 W3 superalgebra which is 
the second PB structure for all three known N = 2 Boussinesq hierarchies). Its characteristic 
feature is that all the even- dimensional hamiltonians are vanishing in the a = —2, N = 2 KdV 
limit $ = $ = 0. First non-trivial hamiltonian is given by the following integral over N = 2 
superspace 

H 2 = J dZ<M> = J dZDF DF. (30) 

It is clear that the existence of this hierarchy implies, via the N = 4 SFF construction 
(fllD, (|i~6f) ) the existence of the underlying mKdV type heirarchy of evolution equations for the 
N = 2 affine superfields H, H, F, F. Indeed, substituting into the relevant hamiltonians the 
expressions ([14]) , (|I6D for J and $, $ one easily deduces the equations for H, H, F, F using the 
PBs algebra ([!]) - (|3|). We limit ourseleves by explicitly presenting the second flow equations 
associated with H 2 , eq. (|30|) 

dF 



-F" + F'FF - H'DF + DHF' + DH' F + DHF' - DHDHF 



+ HDHDF - HDHHF + HHF' + HFDFF , 

fjlT 

— = -FDF' - F'DF - HFF' - HDFDF + DHFDF 

ot 2 



HHFDF - HDHFF . (31) 



To all consistent reductions of the "quasi" iV = 4 KdV hierarchy listed in || there cor- 
respond the appropriate reductions of this underlying mKdV type hierarchy. In particular, 
the reduction F = F = is consistent, and it takes the above hierarchy into the N = 2 
mKdV one corresponding to the a = —2, N = 2 KdV hierarchy. Upon this reduction all the 
even-dimension hamiltonians vanish and the corresponding flows become trivial. Note that no 
reduction H = H = exists in the present case , which reflects the fact that no analog of 
N = 2 NLS hierarchy can be defined for the a = —2, N = 2 KdV. 

Like in the previous case, scalar Lax representation for the above hierarchy can be obtained 
by substituting (|T4"D, ( |16D into the "quasi" N = 4 KdV heirarchy Lax operator given in || 0] 



dt k 



D (d + HH + FF+ (DH) + (DH) - (DF)d~ 1 (DF)j D, (32) 

" k 

— Ly x , L . 



8. Conclusions. In this paper we have succeeded for the first time in establishing a link 
between N = 2 affine Lie algebras on one hand and large iV super symmetric extended hierar- 
chies on the other. We did so by showing that the N = 2 affine si (2) © u(l) algebra reveals a 
global N = 4 supersymmetry and yields a PB structure for a globally N = 4 supersymmetric 
integrable hierarchy which generalizes both N = 2 NLS and N = 2 mKdV ones. We proved 
that an appropriate Sugawara-Feigin-Fuks construction leads to the "small" N = 4 SCA and 
to the related N = 4 KdV. As a by-product of our method some other constructions have been 
worked out. In particular we have furnished a new global N = 2 hierarchy based on the same 
affine algebra. Lax operators have been given for both these hierarchies. 
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It is clear that this work opens a way to further developments. Just as in the purely bosonic 
case, where the constructions based on affine Lie algebras have paved the way towards an 
understanding and a classification of all hierarchies, a similar situation can now be faced for 
the N = 4 hierarchies. The strategy is clear, it should consist in selecting affine algebras with 
quaternionic structure and analyzing the properties of their affinizations, sequences of invariant 
hamiltonians in involutions, Sugawara constructions, etc. The next simplest case of interest 
involves the N = 2 superaffine si (3) algebra, which one naturally suspects to lead to N = 4 
generalizations of (some of) the N = 2 Boussinesq hierarchies and to a sort of N = 4 extensions 
of W 3 algebra. 

All things could probably be made much more simple and transparent in a manifestly N = 4 
supersymmetric formalism, based, e.g., on the harmonic superspace approach. 



Finally, we note that in a recent paper [17] N = 4 KdV hierarchy was mapped on the 



so called (1, 1) GNLS hierarchy fl8| defined on a pair of chiral and anti-chiral fermionic and 
bosonic superfields. It is unclear to us which algebraic structure underlies this non-polynomial 
map and whether it bears any relation to the construction presented here. 
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